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Abstract. We study inflation with the non-minimally coupled Standard Model Higgs in
the case when quantum corrections generate a hilltop in the potential. We consider both the
metric and the Palatini formulation of general relativity. We investigate hilltop inflation in
different parts of the Higgs potential and calculate predictions for CMB observables. We run
the renormalization group equations up from the electroweak scale and down from the hilltop,
adding a jump in-between to account for unknown corrections in the intermediate regime.
Within our approximation, no viable hilltop inflation is possible for small field values, where
the non-minimal coupling has no role, nor for intermediate field values. For large field values,
hilltop inflation works. We find the spectral index to be ns ≤ 0.96 in both the metric and
the Palatini formulation, the upper bound coinciding with the tree-level result. The tensor-
to-scalar ratio is r ≤ 1.2 × 10−3 in the metric case and r ≤ 2.2 × 10−9 in the Palatini case.
Successful inflation is possible even when the renormalization group running is continuous
with no jumps. In the metric formulation, r is smaller than in Higgs inflation on the tree-
level plateau or at the critical point, making it possible to distinguish hilltop inflation from
these scenarios with next-generation CMB experiments.
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1 Introduction
Extending the Standard Model to high scales and Higgs inflation. No deviations
from the Standard Model (SM) of particle physics have been discovered in collider experi-
ments. The only new piece of information (stronger exclusion limits on extensions of the SM
aside) uncovered by LHC is the Higgs mass, mH = 125.09±0.21±0.11 GeV [1]. This value is
such that the SM may be valid for Higgs field values up to the Planck scale MPl = 2.4× 1018
GeV and possibly beyond. However, it is also possible that top mass loop contributions drive
the quartic Higgs self-coupling negative at large field values, making the electroweak vacuum
unstable. The stability limit is sensitive to the precise values of the Higgs and top mass
and the strong coupling constant. Present values are consistent with stability, instability, or
metastability at the Planck scale, within the experimental and theoretical uncertainties [2–6].
Validity of the SM up to high scales means that the Higgs field could be the inflaton [7, 8].
Inflation is the most successful scenario for the primordial universe. It alleviates the
homogeneity and isotropy problem [9–13], explains spatial flatness and has (in its simplest
variants) predicted in detail that initial perturbations are mostly adiabatic, close to scale-
invariant, highly Gaussian and predominantly scalar [14–27]. This is in excellent agreement
with observations [28]. If the non-minimal coupling of the Higgs field to gravity is neglected,
then at large field values the potential can be approximated as 14λ(φ)φ
4, where the coupling
λ(φ) depends on the field due to loop corrections. This potential is not sufficiently flat to allow
a long enough period of inflation with a small enough amplitude of perturbations [29–31].
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As is now well known, once the Higgs is non-minimally coupled to gravity, the inflationary
behaviour changes. Even if the non-minimal coupling ξ is put to zero at the classical level, it
will be generated by quantum corrections [32]. Inflation with the non-minimal coupling has
been considered since the 1980s [33–39], and Higgs inflation is a remarkably simple realization.
It uses the only known scalar field that may be elementary instead of a composite, and does
not introduce any new parameters that are not required by the theory. If only the tree-level
SM Higgs potential is considered, the non-minimal coupling makes the potential flat at large
field values, and the inflationary predictions for the spectral index and the tensor-to-scalar
ratio only depend on the number of e-folds until the end of inflation [7]. As the SM field
content and couplings are precisely known, preheating and reheating can be calculated in
detail, removing the uncertainty in the number of e-folds that accompanies less complete
embeddings of inflation into particle physics [40–43] (although see also [44]), with the caveat
that there can be modifications due to physics beyond the SM. The tree-level predictions agree
well with observations [28]. Higgs decay also produces a distinctive signature of gravitational
waves (also present, though different, when Higgs is not the inflaton) [45].
Loop corrections complicate the picture. The quantum correction to the potential, and
thus the inflationary predictions, depend on the Higgs and top masses measured at low ener-
gies. In principle this offers a novel consistency test between collider experiments and cosmo-
logical observations [46–58]. However, as the SM coupled to gravity is non-renormalizable, it
is not clear how the loop corrections should be calculated, and the relation between the low
and high energy regimes is still debated [59–69]. (Possible violation of perturbative unitarity
is another issue that remains unsettled [48, 54, 60, 70–79].) At low energies, where gravity
can be neglected, the SM is renormalizable, and at high energies there is an approximate
shift symmetry that keeps loop corrections under control, but the matching between the two
regimes is not uniquely specified [54, 59, 62, 64, 66, 67, 69].
Quantum corrections do not only affect the mapping between observables at the elec-
troweak scale and on the inflationary plateau. They can also open new inflationary regimes
by qualitatively changing the shape of the potential. In addition to inflation on the plateau as
originally proposed, it may be possible for Higgs inflation to occur at a near-inflection point
(called a critical point) [56, 61–63, 66, 67, 69, 80, 81], at a hilltop [66, 81] or when climbing
up a hill from a degenerate vacuum [82, 83].1
We present the first detailed study of Higgs inflation at the hilltop that uses renormaliza-
tion group equations to connect the electroweak and inflationary scales. Starting at a hilltop
requires tuning, so it is easily missed when the parameter space is scanned starting from the
electroweak scale, as the shape of the potential is sensitive to small changes in the observed
Higgs and top masses. In contrast, we start from the assumption that there is a hilltop, and
use both the existence of the hilltop and the measured electroweak scale observables as input.
We consider both the metric and the Palatini formulation of general relativity [89, 90]. When
the Higgs is non-minimally coupled, they represent two distinct physical theories [72, 81, 91].
In section 2 we introduce the action in the metric and the Palatini formulation, explain
how we calculate the quantum corrections and introduce the equations of motion and the
observables. In section 3 we show that within our approximation, hilltop inflation is ruled
out at small field values, where the non-minimal coupling does not play a role. While hilltop
inflation may be possible in the intermediate regime, within our approximation the spectrum
would not agree with observations. In 4 we discuss analytically why successful hilltop inflation
1It is also possible to have inflation in a false vacuum, although new physics is needed for graceful exit to
the electroweak vacuum [4, 31, 84–88].
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is possible at large field values, and numerically scan the parameter space. We contrast the
metric and the Palatini formulation and compare to previous work. In particular, we find
that in the metric case the tensor-to-scalar ratio at the hilltop is always smaller than on the
tree-level plateau or at the critical point, while this is not true in the Palatini formulation.
We summarise our findings in section 5.
2 Non-minimally coupled Higgs inflation
2.1 Tree-level action
In Higgs inflation, the action is
S =
∫
d4x
√−g
[
−1
2
(
M2 + ξh2
)
gµνRµν − 1
2
gµν∂µh∂νh− V (h) + LSM
]
, (2.1)
where M is a mass scale (close to the Planck scale) which we set to unity henceforth, ξ is the
non-minimal coupling, h is the radial Higgs field, gµν is the metric, Rµν is the Ricci tensor,
and LSM includes the rest of the SM.
To obtain the equations of motion, the action (2.1) is minimized with respect to the
independent degrees of freedom. In the case of gravity, there are several ways of choosing
what they are. One possibility is the metric formulation, where it is imposed from the
beginning that the connection is Levi–Civita, so that it is written in terms of the metric (and
its derivatives), which is the only gravitational degree of freedom. In this case, the York–
Gibbons–Hawking boundary term [92, 93] has to be added to the action to cancel a boundary
term in the variation.
Another possibility is the Palatini formulation, where the metric and the connection
are taken to be independent variables. In this case, the Ricci tensor depends only on the
connection (and its first derivative), not on the metric nor its derivatives. For the Einstein–
Hilbert action plus an action for matter that couples only to the metric, not to its derivatives
nor to the connection, minimizing the action with respect to the connection then leads to
the Levi–Civita connection [89, 90] and thus to the same physics as in the metric case. The
Palatini formulation is simpler in the sense that it involves less assumptions, and there is
no need to add a boundary term to obtain the equations of motion. When matter couples
to derivatives of the metric or to the connection (or the gravitational action is modified),
in particular when there is a non-minimally coupled scalar field, these two formulations are
different physical theories [72, 91]. We will study both of them.
On inflationary scales, the Higgs mass term is negligible, so we have
V (h) =
λ
4
h4 , (2.2)
where λ is the Higgs self-coupling. It is convenient to make the conformal transformation
gαβ → (1 + ξh2)−1gαβ to the Einstein frame where the scalar field is minimally coupled2. A
field χ with a canonical kinetic term is recovered with the field transformation
dh
dχ
=
1 + ξh2√
1 + ξh2 + p6ξ2h2
. (2.3)
2Classically and at tree-level, the physics is independent of the frame [36, 37, 39, 74, 78, 94–105]. For loop
corrections, the issue is less clear [51, 52, 54, 56, 59, 66, 74, 75, 77, 95, 97, 98, 106–112].
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Here p = 1 in the metric formulation and p = 0 in the Palatini formulation [91]. This difference
is a direct consequence of the choice of degrees of freedom. As the conformal transformation
only changes the metric, in the Palatini case the Ricci tensor is left invariant, which results in a
different kinetic term in the Einstein frame. In general, the difference between the metric and
the Palatini formulation can be shifted between the connection, scalar field kinetic term and
potential by field and conformal transformations, which do not change the physical content
of the theory.
Now the inflationary behaviour is determined by the potential as a function of χ in the
Einstein frame. It takes the form [7]
U(χ) ≡ V [h(χ)]
[1 + ξh(χ)2]2
≡ λ
4
F [h(χ)]4 , F (h) ≡ h√
1 + ξh2
. (2.4)
In the metric formulation, the function F can be approximated in terms of χ as [7]
F (χ) ≈
χ h 1/ξ1√
ξ
(
1− e−
√
2/3χ
)1/2
h 1/√ξ .
(2.5)
There are three regimes for the field: small values h  1/ξ, large values h  1/√ξ, and
intermediate values in between. In particular, for large field values, the potential has a
plateau where slow-roll inflation is possible.
In the Palatini formulation, the relation (2.3) can be solved exactly, with the result that
F (χ) =
1√
ξ
tanh
(√
ξχ
)
. (2.6)
Again, there is a plateau at large field values.
2.2 Loop corrected effective potential
The above considerations are based on classical physics. We can take quantum corrections
into account by replacing the classical potential with the loop-corrected potential. We do this
in the Einstein frame and calculate the effective potential in flat spacetime, using the MS
renormalization scheme.
The problem with quantum corrections is that the model is not renormalizable. How-
ever, for small field values h 1/ξ it can be approximated by the SM without non-minimal
coupling. In the small field limit we can thus calculate the loop corrections in a straight-
forward way. For h  1/√ξ, the function F defined in (2.4) approaches a constant, and
as a consequence the Higgs field becomes massless and decouples from the other fields. The
Higgs then no longer plays a dynamical role in the theory, and we are left with the chiral
electroweak theory, also called the chiral SM [52]. While the chiral SM is not renormalizable,
it can be treated consistently order by order, and the leading correction is calculable. The
connection between these two regions is not uniquely determined within the model, but can
be parametrised with effective jumps in couplings at the matching [61, 62].
For small field values, we use the SM two-loop effective potential [113]. We calculate it
with the code available at [114], see also [115–117]. We run the parameters using the three-
loop beta functions given in the code available at [118], see also [55, 119]. We include masses
for the Higgs radial mode, the would-be Goldstone bosons, the W and Z bosons and the top
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quark; the other fermions are treated as massless. The code is used to determine the running
and the initial values for the couplings, starting from the observed values3
g2S(mZ)
4pi
= 0.1184 , mH = 125.09± 0.24 GeV , mt = 172.44± 0.49 GeV . (2.7)
We quote error bars as 68% confidence intervals and limits as 95% confidence intervals. Here
gS(mZ) is the strong coupling at the scale of the Z boson mass mZ , and mH and mt are the
pole masses of the Higgs boson and the top quark [1, 120]. The above error bars for the top
quark do not include a systematic error from matching the theoretical pole mass (relevant
for renormalization group running) to the observationally determined MCMC mass, quoted
as being of the order 1 GeV in [120] and estimated as between 0.2 and 0.4 GeV in [5]. We
combine the estimate 0.4 GeV quadratically with the error given in (2.7) for a total 1σ error
of 0.6 GeV. We run the couplings up to the scale that equals the background Higgs field value:
µ(h) = h . (2.8)
For large field values we have the chiral SM, and there we add to the tree-level potential (2.4)
only the one-loop correction, which reads [52]
U1−loop =
6m4W
64pi2
(
ln
m2W
µ2
− 5
6
)
+
3m4Z
64pi2
(
ln
m2Z
µ2
− 5
6
)
− 3m
4
t
16pi2
(
ln
m2t
µ2
− 3
2
)
, (2.9)
where the W boson, Z boson and top quark masses are given by
m2W =
g2F 2
4
, m2Z =
(
g2 + g′2
)
F 2
4
, m2t =
y2tF
2
2
, (2.10)
where yt is the top Yukawa coupling and g and g′ are the electroweak gauge couplings. For
the chiral SM, we use the one-loop beta functions, which read [52, 121]
16pi2βλ = −6y4t +
3
8
[
2g4 + (g′2 + g2)2
]
, 16pi2βyt = yt
(
−17
12
g′2 − 3
2
g2 − 8g2S + 3y2t
)
,
16pi2βg = −13
4
g3 , 16pi2βg′ =
27
4
g′3 , 16pi2βgS = −7g3S . (2.11)
We have dropped from βλ a term that is proportional to λ, since it is a higher order correction
near a hilltop, where β is of order λ (see section 4.1). We neglect the running of the non-
minimal coupling ξ.
There is no difference between the metric and the Palatini formulation for small field
values. However, in the large field regime the renormalization group running will be different
[122], because the Einstein frame kinetic term is different. (Note that it is not possible to
obtain both minimal coupling and a canonical kinetic term for all fields in the Higgs doublet
[59, 64, 71, 123, 124].) We neglect this difference.
For the large field case we choose the renormalization scale to be
µ(χ) = γF (χ) , (2.12)
3The code [118] also uses as fixed initial values the W and Z boson pole masses mW = 80.399 GeV and
mZ = 91.1876GeV, the Fermi constantGF = 1.16637×10−5 GeV−2, the fine structure constant α = 1/127.916
and sin2 θW = 0.23116, where θW is the Weinberg angle, both evaluated at mZ in the MS scheme. These fix
the initial values of the electroweak gauge couplings g and g′.
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chosen so that the explicit F (χ)-dependence of the masses cancels in the one-loop correction
(2.9). The constant γ is determined from the condition that the correction vanishes at the
hilltop.
To match the two regions, we switch from the SM running to the chiral SM running
(2.11) at the scale
µ1 =
γ
ξ
, (2.13)
chosen so that it is below the large field regime, but well above the electroweak scale. At
this scale, we let the couplings λ and yt jump by ∆λ and ∆yt, respectively. These jumps
parametrise the effect of unknown physics in the region 1/ξ . h . 1/
√
ξ. For simplicity, we
neglect such jumps in the gauge couplings gS , g and g′. The jump parameters ∆λ and ∆yt
are also assumed not to run.
As the theory is non-renormalizable, new kinds of contributions arise at every loop order,
and may be important in the matching region. We will not consider them in any detail nor
explicitly introduce any new couplings in the renormalization group equations. However, in
addition to the instant jumps, we consider the transition from the SM to the chiral SM in
more detail in section 3.2 by postulating a smooth transition instead of instant jumps in λ
and yt:
λ(χ) = λ0 + ∆λS(χ) ,
S(χ) ≡
{[
F ′(χ)
]2
+
1
3
F ′′(χ)F (χ)
}2
− 1 ,
(2.14)
motivated by theoretical considerations [62]. The step-function-like S(χ) behaves as
S(χ)
h1/ξ−−−−→ 0 , S(χ) h1/
√
ξ−−−−−→ −1 . (2.15)
We keep λ0 and ∆λ constant and approximate the effective potential as
U(χ) =
λ(χ)
4
F (χ)4 , (2.16)
which applies in the region 1/ξ . h . 1/
√
ξ.
In most cases, the loop corrections do not significantly change the shape of the tree-level
potential, they simply reduce the value of λ for large fields [66, 125]. However, for certain
fine-tuned parameter values, the corrections may cause a qualitative change in the potential,
generating an inflection point [56, 61–63, 66, 67, 80, 81], a hilltop [66, 81] or a degenerate
vacuum [82, 83].
2.3 Equations of motion and inflationary observables
In the spatially flat Friedmann–Robertson–Walker universe, the Einstein equation gives
3H2 =
1
2
χ˙2 + U(χ) , χ¨+ 3Hχ˙+ U ′(χ) = 0 , (2.17)
where H is the Hubble parameter, dot denotes derivative with respect to cosmic time t and
prime denotes derivative with respect to χ. Slow-roll inflation can only occur for field values
for which the slow-roll parameters characterising the potential U(χ) are small. The first order
slow-roll parameters are
 ≡ 1
2
(
U ′
U
)2
, η ≡ U
′′
U
, (2.18)
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and in addition there is a series of higher order parameters [126]:
ζ ≡ U
′
U
U ′′′
U
, $ ≡
(
U ′
U
)2U ′′′′
U
, . . . (2.19)
During slow-roll, the number of e-folds between scale factor a and the end of inflation, when
a = aend, is
N ≡ ln aend
a
=
∫ χ
χend
1√
2
dχ . (2.20)
The number of e-folds at the pivot scale k∗ = 0.05 Mpc−1 is
N∗ = 61−∆Nreh + 1
4
lnU∗ +
1
4
ln
U∗
Uend
= 52− 1
4
ln
0.09
r∗
,
(2.21)
where the subscript end refers to the end of inflation and ∆Nreh is the number of e-folds
between the end of inflation and the end of preheating (defined as the time when energy
density starts to scale like radiation). On the second line we have taken into account that
for SM field content ∆Nreh = 4 [42, 43, 127] (although see [44]), written U∗ = 3pi
2
2 Asr and
inserted the observed value 24pi2As = 5.2× 10−7 [28], written in the maximum value 0.09 of
r∗ allowed by CMB observations as a point of comparison, and taken into account that the
term describing the change of the potential between the pivot scale and the end of inflation
is < 1.
The spectral index ns, tensor-to-scalar ratio r, running of the spectral index αs, and
running of the running βs are determined, to lowest order, in terms of the slow-roll variables
as [128]:
ns = 1− 6+ 2η , r = 16 ,
αs = 16η − 242 − 2ζ , βs = −1923 + 1922η − 32η2 − 24ζ + 2ηζ + 2$ .
(2.22)
When both αs and βs are allowed to vary, at the pivot scale Planck temperature and low
multipole polarization data give [28]
ns = 0.9569± 0.0077 , αs = 0.011+0.014−0.013 , βs = 0.029+0.015−0.016 , (2.23)
while combining with BICEP2/Keck data gives [129]
r < 0.09 . (2.24)
We already used the normalization of the scalar perturbations at the pivot scale,
U

= 5.2× 10−7 . (2.25)
Tree-level Higgs inflation on the plateau predicts [7]
ns = 1− 2
N
, r =
12
N2
, αs = − 2
N2
, βs = − 4
N3
. (2.26)
For N = 50 we get
ns = 0.96 , r = 4.8× 10−3 , αs = −0.8× 10−3 , βs = −3.2× 10−5 (2.27)
in good agreement with the observational values (2.23) and (2.24).
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2.4 Hilltop inflation
Successful models of single-field inflation must satisfy (2.23), (2.24) and (2.25), together with
(2.21). One class of models is those where the potential has a local maximum [130, 131]. At
the hilltop, the slow-roll parameter  is zero, and if the potential is flat enough in its vicinity,
the other slow-roll parameters can also be small. Then it is possible to have slow-roll inflation
near the hilltop.
Because the number of e-folds of inflation approaches infinity as the initial value of the
inflaton approaches the hilltop, it is easy to have a long duration of inflation. If the field
starts close enough to the maximum, its evolution will be dominated by quantum effects,
and the universe can undergo eternal inflation [130, 132, 133]. This does not happen in the
observationally relevant range of field values for Higgs inflation, but the field may have been
closer to the hilltop earlier.
In the Higgs case, a hilltop can form at small, intermediate or large field values. Let us
go through these regions in turn.
3 Small and intermediate field values
3.1 Small field values
Let us first consider the possibility of hilltop inflation in the regime h  1/ξ, where the
non-minimal coupling is irrelevant and only the usual SM loop corrections come into play. It
is well known that the Higgs potential may have a secondary local minimum due to quantum
corrections [2–5, 134–136]. If so, there is a hilltop between the electroweak and the secondary
minimum. For successful hilltop inflation, the potential must be flat enough near the hilltop
so that not only  but also the other slow-roll parameters are small, and the normalization of
the perturbations (2.25) must be correct at the pivot scale corresponding to the right number
of e-folds (2.21).
To see if these criteria can be satisfied, we scan over the values of mH and mt as
explained under equation (2.7), and construct the corresponding SM Higgs potentials using
the approximation presented in section 2.2. As the first criterion after the existence of the
hilltop, we demand that the slow-roll parameter η should be small there. It turns out that
this only happens very close to a critical line on the (mH ,mt) plane, as shown in figure 1.
On the critical line the hilltop is transformed into a saddle point, i.e. the second derivative
of the potential also vanishes.
We then scan over the critical line to see if the rest of the criteria are satisfied anywhere.
It is easy to find the point of correct normalization (2.25) on the potential and calculate
the slow-roll parameters and observables there. We find no viable regions: for example, we
always have αs < −90. For SM without non-minimal coupling, in the approximation used
here, hilltop inflation is not possible.
SM Higgs inflation without non-minimal coupling has been studied before at an inflection
point, where the second derivative of the potential vanishes [30, 31], including the case of a
saddle point [30]. The results of [30] were based on approximating the Higgs potential near the
saddle point, whereas we have constructed the entire potential starting from the electroweak
scale masses and couplings. Nevertheless, the conclusion is the same: we find no inflationary
scenario that agrees with observations.
– 8 –
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173
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t
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)
Figure 1. In the SM, there is a hilltop for values of the Higgs massmH and top massmt in the shaded
region. On the critical line between the regions, there is a saddle point. The red dot corresponds to
the mean values (2.7), and the dashed lines show the 1σ and 2σ contours, where the 1σ uncertainty
of mH is given by (2.7), and the 1σ uncertainty of mt is 0.6 GeV (see the discussion below (2.7)).
The distance from the mean values to the critical line is between 2σ and 3σ.
3.2 Intermediate field values
Let us now consider hilltop inflation in the regime 1/ξ . h . 1/
√
ξ by approximating the
potential there by (2.16), with a continuous step in the coupling λ given by (2.14). The
tree-level potential with constant λ grows with χ, but if λ decreases rapidly enough due to
the step, the potential can develop a local maximum.
However, as the step (2.14) is not very steep, we need ∆λ to be almost as big as λ0
in (2.14) to get a maximum. In addition, ∆λ has to be finely tuned to make the slow-roll
parameter η small at the hilltop. The only agreeable potential is again of the saddle point
type, and the field value h there is typically of the order 1/ξ or smaller. The good news is
that for any given ξ, successful inflation is always possible when the other parameters are
tuned finely enough. The reason is that the shape of the potential is determined only by the
ratio λ0/∆λ, and the height can be adjusted separately by changing λ0.
The parameters can be tuned as follows. First, pick a value for ξ. Then, adjust the ratio
λ0/∆λ to get a saddle point. Next, find the point on the potential curve that corresponds to
the number of e-folds (2.21). In slow-roll, this condition is independent from the normalization
of the potential, as can be seen from equation (2.20). Finally, fix λ0 so that the amplitude of
the perturbations matches observations.
When ξ is large, the modes in the observable region are generated very close to the
saddle point, and the potential can be approximated as
U(χ) = U0 − 1
6
U ′′′0 (∆χ)
3 , (3.1)
where the subscript zero henceforth denotes value at the hilltop, ∆χ ≡ χ0−χ and U ′′′0 is the
third derivative of the potential at the hilltop. The constants U0 and U ′′′0 cannot be easily
approximated from (2.16), but we determine them numerically. Using the slow-roll equations
(2.20), (2.22), we get the inflationary observables in terms of the number of e-folds:
ns = 1− 4
N
, r =
8(∆χ)2
N2
, αs = − 4
N2
, βs = − 8
N3
, (3.2)
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where at the pivot scale ∆χ = 2U0
NU ′′′0
. The bad news is that the analytical estimate (3.2) for
the spectral index, ns ≈ 0.92, is far outside the observational bounds. This is true both in the
metric and the Palatini case, as the approximation (3.1) works equally for both. Therefore,
and because our approximation for the shape of the potential in the intermediate region is in
any case not robust, we do not perform a numerical scan over the parameters.
It cannot be ruled out that quantum corrections could lead to a shape of the potential
that would support successful hilltop inflation in this region, which has turned to be partic-
ularly interesting for inflation at a near-inflection point [56, 61–63, 66, 67, 80, 81]. However,
the effect of the UV completion of the theory on renormalization group running would need
to be carefully controlled. The fact that the power counting estimate of the scale where per-
turbative unitarity is lost is parametrically higher in the Palatini case may have an impact
on the details of Higgs inflation in the intermediate regime [72].
4 Large field values
4.1 Analytical approximation
4.1.1 Metric formulation
Let us now look at inflation in the regime h  1/√ξ, which is also the setting for Higgs
tree-level plateau inflation [7]. Now quantum corrections produce a hilltop there, modifying
the predictions. We first consider the metric formulation and then discuss what changes in
the Palatini case.
To gain analytical understanding, we first consider just the tree-level potential aug-
mented with a running λ that produces a hilltop. We will apply the full machinery of section
2.2 in the next section. It is useful to define the new parameter [66]
δ ≡ 1
ξh2
, (4.1)
which is small in the region h 1/√ξ. We calculate analytically to lowest order in δ.
The potential is
U =
λ(χ)
4
F 4 , F =
1√
ξ(1 + δ)
, (4.2)
with λ running as
dλ
dχ
=
dλ
d lnµ
d lnµ
dχ
= βλ
F ′
F
. (4.3)
The derivative of the potential with respect to χ is thus
U ′ =
F 3F ′
4
(4λ+ βλ) . (4.4)
This vanishes at the hilltop, so we can approximate
λ = λ0 − 4λ0 ln µ
µ0
, (4.5)
where the renormalization scale (2.12) in terms of δ (4.1) is
µ =
γ√
ξ(1 + δ)
. (4.6)
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Figure 2. The spectral index ns and tensor-to-scalar ratio r in the analytical approximation of
section 4.1, for the number of e-folds (2.21). The dashed lines indicate the observational 2σ range of
ns given by (2.23). Motion along the line corresponds to changing the value of δ0, the endpoint at
ns = 0.96 corresponding to the infinite field limit δ0 → 0.
During inflation, δ is between zero and one, and we have
∆ lnµ ln γ√
ξ(1 + 0)
− ln γ√
ξ(1 + 1)
=
1
2
ln 2 ≈ 0.35 . (4.7)
This is a small number, so truncating the Taylor series (4.5) to linear order seems valid.
The free parameters that determine the shape of the potential are now δ0, λ0 and
ξ. Out of these, λ0 cancels out when calculating the slow-roll parameters in our current
approximation. By assuming ξ  1 we get for the slow-roll parameters at scale δ > δ0, to
lowest order in δ and δ0:
 =
16
3
δ2(δ − δ0)2 , η = −8
3
δ(2δ − δ0) ,
ζ =
64
9
δ2(δ − δ0)(4δ − δ0) , $ = −512
27
δ3(δ − δ0)2(8δ − δ0) .
(4.8)
The number of e-folds (2.20) corresponding to δ is
N =
3
8δ20
(
ln
δ
δ − δ0 −
δ0
δ
)
. (4.9)
Fixing N and δ0 fixes δ and thus the slow-roll parameters and the observables (2.22). Figure
2 illustrates the behaviour of ns and r.
For ns and r, the large field limit δ0 → 0 is of particular interest:
ns
δ0→0−−−→ 1− 2
N
, r
δ0→0−−−→ 3
N2
. (4.10)
In this limit the hilltop moves to infinite field values, so we no longer have a local maximum.
Instead the running of the coupling just makes the potential flatter than in tree-level Higgs
inflation on the plateau. The result for ns approaches the tree-level case (2.26), while the
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Figure 3. Results of the analytical approximation for αs and βs as a function of ns and r in the
Palatini case.
limiting value of r is a factor of four smaller. Spanning the interval between the tree-level
and hilltop cases would require deforming the potential so that there is no hilltop; this region
has been covered in [67]. The results (4.10) are the upper limits for ns and r. The values of
αs and βs calculated from (4.8) are approximately constant for fixed N in the allowed range
of ns. They are close to the tree-level results (2.27).
Precise results for the number of e-folds (2.21) give
ns < 0.96 . (4.11)
Restricting ns to the observational 95% confidence interval (2.23), we get
3.3× 10−4 < r < 1.2× 10−3 ,
−0.83× 10−3 < αs < −0.79× 10−3 , −3.4× 10−5 < βs < −3.2× 10−5 .
(4.12)
The observed perturbation amplitude (2.25) gives a relation between λ0, ξ and r:
ξ =
√
4λ0
5.2× 10−7r . (4.13)
Restricting r to the bounds of (4.12) and λ0 to the interval from zero to one, we get
0 < ξ < 1.5× 105 . (4.14)
4.1.2 Palatini formulation
In the large field region h 1/√ξ, the Palatini formulation differs from the metric formulation
at leading order only in that all derivatives with respect to χ gain a factor of
√
6ξ (see (2.3)),
so the results (4.8), (4.9) become
 = 6ξ × 16
3
δ2(δ − δ0)2 , η = 6ξ ×
(
−8
3
)
δ(2δ − δ0) ,
ζ = (6ξ)2 × 64
9
δ2(δ − δ0)(4δ − δ0) , $ = (6ξ)3 ×
(
−512
27
)
δ3(δ − δ0)2(8δ − δ0) ,
N =
1
6ξ
× 3
8δ20
(
ln
δ
δ − δ0 −
δ0
δ
)
.
(4.15)
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There are now two free parameters that characterize the dynamics, δ0 and ξ, whereas in the
metric case ξ played no role. Thus in the analogue of figure 2, the single line expands to a
two-dimensional area. However, in both cases, the observables η, ζ, $, and N have the same
expression in terms of the variables δ0/δ and (1 + p[ξ − 1])δ20 (recall that p is 0 in the metric
formulation and 1 in the Palatini formulation), so αs and βs remain, to a first approximation,
unchanged from the metric case. However, r is different: it is suppressed by 6ξ, as in the
tree-level plateau case [91].
The precise results are shown in figure 3. The allowed (ns, r) parameter space is bounded
from above by the requirement ξ > 1, from below by λ0 < 1, from right by the limit δ0 → 0,
and from left by the choice to only consider a branch of the solutions close to the observed
value ns ≈ 0.96. Since numerical considerations add more such constraints, we don’t here
quote any numbers from the analytical approach, but instead refer to the results of the full
numerical calculation of section 4.2.2.
4.2 Numerical results
4.2.1 Metric formulation
For the numerical results, we abandon the approximations of the previous section, and con-
sider the full loop-corrected effective potential with the parameters run with the renormaliza-
tion group equations as described in section 2.2. We use the input parameters of the numerical
calculation to deduce the form of the potential U(χ) in the large field limit. Then we calculate
the evolution of the field using the full time evolution equations (2.17) with derivatives taken
using (2.3), starting from slow-roll near the hilltop up to the end of inflation. This gives the
inflationary observables plotted in figures 4 and 5.
The calculation takes as input parameters the values δ0 and λ0 defined in the previous
section and the central values of the low-energy SM parameter (2.7). Note that there are now
two free parameters at the inflationary scale, instead of just one as in the analytical case of
section 4.1. This is because in section 4.1, the dependence on λ0 cancelled out in the simple
expressions, but this is no longer true when the quantum corrections and the detailed running
are taken into account. Nevertheless, we can fix all of the free parameters needed for U(χ).
The non-minimal coupling ξ is determined iteratively to achieve the observed normal-
ization for perturbations (2.25) at the pivot scale corresponding to the value of N given in
(2.21), with an initial guess given by the approximation of the previous section. As the ini-
tial conditions for the renormalization group equations, we take the measured mean values
(2.7), together with the values for other electroweak observables given in the code [118], as
discussed in section 2.2. We run the couplings with the SM renormalization group equations
to the matching scale (2.12), where we switch to the chiral SM running. The values of the
couplings other than λ and yt at the hilltop then depend only on the matching parameter
γ given in (2.12). Requiring U ′(χ0) = 0 and U1−loop(χ0) = 0 (as discussed below (2.12)),
we have two equations that determine the two unknowns γ and yt0 and fix the potential.
Afterwards, we run λ and yt up from the electroweak scale and down from the hilltop to the
matching scale (2.13) separately, and compare them there to determine the jumps ∆λ and
∆yt.
For the mean values (2.7) of the Higgs and top mass, the Higgs potential becomes
negative at 6 × 1011 GeV. For ξ . 106, this is below the matching scale (2.13), where the
SM approximation should be valid. In the metric case, this happens in practically the whole
parameter space, and in the Palatini case it happens in a sizeable part of it, as can be seen
from figures 4 and 6. This would make the electroweak vacuum metastable, but as long as the
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lifetime is much longer than the age of the universe, there is no contradiction with late-time
observations. Another possible problem is that after inflation the field may get stuck in the
true vacuum instead of rolling to the electroweak vacuum. However, this depends on the
details of the form of the potential, as the field may roll down the hill fast enough to pass
over the true vacuum, or the vacuum may be uplifted by thermal corrections [62, 63, 67].
Nevertheless, to be sure that there is no problem, we could scan over the allowed range of
Higgs and top masses under the condition that there is no extra minimum in the SM region.
However, it turns out that the CMB observables are rather insensitive to these electroweak
scale input parameters, as the jumps ∆λ and ∆yt adjust to compensate for changes in them.
In contrast, the presence of the extra vacuum is highly sensitive to the precise Higgs and
top masses, and changing them within their 2σ error regions eliminates the SM region extra
vacuum. We therefore do not apply the extra condition that there is no extra vacuum in the
SM region. We expect this to have negligible effect on the results. Below we give examples
where the Higgs and top masses are consistent with the measured values, the jumps are zero,
there is no extra vacuum in the SM region, and the CMB predictions agree with observations.
The crucial point is that we use the existence of the hilltop as an initial condition to fix
the couplings λ and yt at the hilltop, and only compare the results for λ and yt with the SM
afterwards. Higgs inflation at the hilltop has been studied before [66, 81]. However, in [66]
the hilltop was not investigated thoroughly, as much tuning and extensive searching through
the parameter space is needed if the SM parameters are used as the starting point. We solve
this problem by first constructing the hilltop and working backwards from there. In [81] the
potential was approximated with a simple form adapted to the minimum of λ(h), which may
not be valid at the hilltop.
In figure 4 we show the range of ns, r, αs and βs in terms of the parameters δ0 and ξ in
the metric case. For clarity, we have cut regions where ns < 0.9. The value of ξ is strongly
correlated with λ0 via the normalization of the amplitude. The value of ξ is bounded from
above by the fact that larger values would lead to a λ0 that is so large that yt > 1 at the
hilltop. The lower limit for ξ comes from the condition that a hilltop won’t be formed for
values of λ0 that are too small. On the right, we must have δ0 < 1 to be in the large field
regime. On the left, the observables approach the analytical δ0 → 0 limit, and there are no
new features beyond the range plotted here. Hilltop inflation requires 180 < ξ < 1.7× 107.
In figure 5 we show αs and βs on the (ns, r) plane. For the spectral index, we have
ns ≤ 0.96. Restricting ns to the observational 95% confidence interval (2.23), the tensor-to-
scalar ratio is 1.3× 10−4 < r < 1.2× 10−3, always smaller than in the tree-level plateau case.
With the same restriction, the running and the running of the running are tightly determined,
−0.93× 10−3 < αs < −0.76× 10−3, −3.8× 10−5 < βs < −3.1× 10−5. They are close to the
tree-level plateau results and well below the observational limits (2.23).
These results are consistent with the analytical approximation of section 4.1.1. Points on
the (ns, r) plane in figure 5 surround the analytical line of figure 2. When ns is restricted to
the observational 95% range, the results for r, αs and βs are almost identical to the analytical
case (4.12).
In [66], three data points were given for the hilltop case (in their table 1). There
increasing ns increases r, and lowers ξ, which is consistent with our results. Our values for
ns agree, but their corresponding values for r are just below our results shown in figure 5.
In [81], Higgs inflation at hilltop was considered using an analytical approximation for
the potential, whereas we have used the full renormalization group running of the couplings
and a loop-corrected potential. They found correlations between ns, r and ξ that are similar
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Figure 4. Numerical values of ns, r, αs and βs as functions of δ0 and ξ in the metric case. For
clarity, we have cut regions where ns < 0.9.
Figure 5. Numerical values of αs and βs on the (ns, r) plane in the metric case. The black line shows
the analytical approximation plotted in figure 2.
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to our results and to those of [66]. The numerical values obtained for ns and αs are also
consistent with our results, but our lower range of r is tighter by one order of magnitude, and
our result for the absolute value of βs is an order of magnitude smaller.
These results were obtained using the central values of the low-energy SM parameters
(2.7), but they are robust to changes in mH and mt. When mH and mt are varied within
the 2σ confidence intervals, the limits for the CMB observables change only in the second or
higher digit, as the required jumps ∆λ and ∆yt adjust to compensate. The average values of
the jumps are of the order 0.02 for ∆λ and 0.06 for ∆yt.
It is interesting to ask whether the case with no jumps is observationally viable. As
our method of setting initial conditions at the hilltop does not allow us to easily scan the
electroweak observables, we have not done a comprehensive search of the parameter space.
However, with the jumps put to zero, the values mH = 125.53 GeV, mt = 171.29 GeV
(both inside the observational 95% confidence intervals (2.7)) for example give ns = 0.96,
r = 1.1 × 10−3, αs = −0.81 × 10−3 and βs = −3.2 × 10−5, all well within the observational
bounds.
4.2.2 Palatini formulation
In figure 6 we show the range of ns, r, αs and βs in terms of the parameters δ0 and ξ in the
Palatini case. The limits of the contours follow from the same constraints as in the metric case,
but the value of δ0 is now bounded more tightly from above by the branch choice mentioned
in section 4.1.2, which cuts out ns values smaller than about 0.94. As with inflation on the
plateau or at the critical point [81, 91], the Palatini formulation requires larger values of the
non-minimal coupling, 1.0× 105 < ξ < 5.2× 108, and r is correspondingly highly suppressed.
In figure 7 we show αs and βs on the (ns, r) plane. We have the same limit ns ≤ 0.96
as in the metric case. Restricting ns to the observational 95% confidence interval (2.23), the
tensor-to-scalar ratio is 2.2 × 10−13 < r < 2.2 × 10−9. Unlike in the metric formulation,
this does not extend the range of predictions of the model from the plateau and critical
point cases. Because of the strong dependence of r on ξ, even the tree-level plateau inflation
scans a wide range of possible values for r [81, 91]. As in the metric case, the running and
the running of the running conditioned on the observed range of ns are tightly determined,
−1.2 × 10−3 < αs < −0.94 × 10−3, −5.5 × 10−5 < βs < −4.1 × 10−5. They are of the same
order of magnitude as in the metric case.
The results agree well with our analytical approximation, although, as mentioned earlier,
the numerical analysis sets stronger restrictions on the allowed parameter space, in particular
as regards r.
In [81], Higgs inflation at hilltop in the Palatini case was considered using an analytical
approximation for the potential. Our results are consistent both for the numerical value of ns
and r and for the correlations between the variables (increasing ns increases r and decreases
ξ). Our order of magnitude for αs and βs is the same, but our lower limit for r extends three
orders of magnitude below theirs.
As in the metric case, varying the electroweak scale masses mH and mt within the 2σ
interval affects only the second or higher digits of the limits quoted above. The average value
of ∆λ is 0.03 and the average value of ∆yt is 0.02. Putting the jumps to zero and keeping the
Higgs mass at the mean value (2.7), the value mt = 171.33 GeV (inside the observational 95%
confidence interval) gives ns = 0.94, r = 1.2×10−11, αs = −1.1×10−3 and βs = −4.8×10−5.
The value of ns is just within observational 95% confidence interval, and the other observables
are well below the observational upper limits.
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Figure 6. Numerical values of ns, r, αs and βs as functions of δ0 and ξ in the Palatini case.
Figure 7. Numerical values of αs and βs on the (ns, r) plane in the Palatini case.
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5 Conclusions
We have performed the first in-depth study of Higgs inflation at the hilltop with renormaliza-
tion group running, including a detailed scan of the parameter space. With plateau inflation
[66, 67] and critical point inflation [56, 61–63, 66, 67, 80, 81] having already been studied
in detail, the hilltop scenario is the third case to be scrutinized by careful renormalization
group analysis, with hillclimbing inflation [82, 83] (which also relies on quantum corrections)
remaining to be similarly mapped.
At small field values h  1/ξ, we have calculated the effective Higgs potential using
the SM renormalization group equations with the two-loop effective potential and three-loop
beta functions, while for large field values h 1/√ξ we use the one-loop chiral SM effective
potential and one-loop beta functions. The renormalization scale is chosen to minimize the
chiral SM one-loop correction at the hilltop. We require that a hilltop is formed at given
values of δ ≡ 1/(ξh2) and the Higgs self-coupling λ, and proceed to solve the whole potential
from these inputs. We run the equations up from the electroweak scale and down from the
hilltop, and match in the intermediate regime, allowing for an arbitrary jump in the couplings
λ and yt. We calculated the values of the CMB observables both in the metric and the Palatini
formulation of general relativity.
We have confirmed that without the non-minimal coupling, a hilltop inflation in agree-
ment with observations is not possible. In the intermediate regime δ ∼ 1, successful inflation
is not possible either. However, if the hilltop is formed at large field values, δ  1, the results
agree with observations.
For the metric case, we obtain ns ≤ 0.96. When ns is restricted to the observational
95% confidence interval (2.23), we have 1.3 × 10−4 < r < 1.2 × 10−3, −0.93 × 10−3 < αs <
−0.76 × 10−3 and −3.8 × 10−5 < βs < −3.1 × 10−5. The result for ns is at most equal to
the value for tree-level plateau inflation (ns = 0.96) [7], whereas r is always smaller than
the plateau counterpart (r = 4.8 × 10−3). Even if we match the couplings run up from
the electroweak scale and down from the hilltop exactly without any jumps, we find (for
mH = 125.53 GeV and mt = 171.29 GeV) results that agree well with observations, with
ns = 0.96, r = 1.1× 10−3, αs = −0.81× 10−3 and βs = −3.2× 10−5.
In the Palatini case, we again have ns ≤ 0.96, When ns is restricted to the observational
95% confidence interval, we get 2.2×10−13 < r < 2.2×10−9, −1.0×10−3 < αs < −0.94×10−3
and −4.8 × 10−5 < βs < −4.0 × 10−5. If we put the jumps to zero, we now find (for the
mean value of the Higgs mass and mt = 171.33 GeV) the values ns = 0.94, r = 1.2× 10−11,
αs = −1.1×10−3 and βs = −4.8×10−5. In the Palatini formulation, the hilltop results don’t
significantly differ from the tree-level plateau results [91]. In particular, r is highly suppressed
compared to the metric case, as in the plateau scenario.
In both cases, the numerical calculation is not sensitive to variation of the Higgs and
top masses, changing only in the second or higher digit. We have also done an analytical
calculation to leading order in δ, finding agreement with the numerical results in both the
metric and the Palatini formulation.
These results come with the caveat that we have neglected differences in renormalization
group running between the metric and the Palatini formulation [122]. The initial stages of
preheating, when the field value is still large, may also be different in the two formulations,
though once the field oscillates around the electroweak vacuum, the effect of the non-minimal
coupling, and hence the difference between the two formulations, is small. Also, we did not
allow jumps in the gauge couplings, like we did for λ and yt.
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The predictions of Higgs inflation depend both on quantum corrections and on the choice
of the gravitational degrees of freedom (in our case, whether the connection is an independent
variable). The next generation of CMB experiments such as COrE4, LiteBIRD5 and PIXIE6
are expected to probe down to r = 10−3. This would allow them to detect gravitational
waves from tree-level Higgs inflation on the plateau or at the critical point in the metric case,
and thus rule out the Palatini formulation of general relativity (assuming that Higgs is the
inflaton and there are no new degrees of freedom up to the inflationary scale). However,
according to our results, even in the metric case, hilltop inflation allows r to lie below the the
observational reach of the next generation experiments. So while they will be able to tell the
difference between plateau, critical point and hilltop inflation in the metric formulation, they
cannot distinguish between the metric and the Palatini formulation at the hilltop. Of course,
a more precise determination of ns, or a detection of αs or βs, could rule out Higgs inflation,
independent of the value of r.
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